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Abstract 
Design and lifetime prediction of structural and mechanical components require the assessment of the global probability of failure 
to be determined from stress and strain distributions obtained from FEM, as well as calculation of hazard maps in order to facilitate 
redesign and recognition of critical parts to be inspected regularly. The so-called generalized probabilistic approach (GPA), 
developed by the authors, allows the primary cumulative distribution function of failure (PCDFF) owning to a certain failure type 
to be determined for a certain material from experimental data and used subsequently for probabilistic prediction of static and 
fatigue failure in the design of industrial components. The approach ensures a realistic safety margin provided that the adequate 
GP (generalized parameter) and the corresponding failure criterion is properly recognized as a reference variable to be considered 
in the failure assessment. The way in which the results of such a reliability analysis are transmitted encompasses a variety of 
concepts under which failure can be understood and may be classified as global probability of failure and hazard maps, the former 
providing the conclusive failure probability for definitive design, and the latter representing, presumably, a risk of local failure that 
facilitates the possible redesign of the component but without providing the global probability of failure. In this work, an application 
is exemplary presented for the particular case of glass plates. 
© 2015 The Authors. Published by Elsevier Ltd. 
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Nomenclature 
GPA  Generalized probabilistic approach 
GP Generalized parameter 
PCDFF Primary cumulative distribution function of failure 
ECDFF Experimental cumulative distribution function of failure 
୤ୟ୧୪ Global probability of failure 
ୱ୳୰  Global probability of survival 
ୱ୳୰ǡ୼ୗ Probability of survival for a size ȟ  
୤ୟ୧୪ǡ୼ୗ Probability of failure for a size ȟ  
ߣ Location parameter 
ߜ Scale factor 
ߚ Shape factor 
୰ୣ୤ Reference size 
ୣ୯ Equivalent size 
1. Introduction and motivation 
Currently, finite element calculations programs are often performed during the design stage of an industrial 
component in order to guarantee a safe dimensioning, which can be based on a local failure criterion evaluated at each 
element of the finite element mesh. Sometimes, the safety factor of the component is defined as the relationship 
between the maximum stress the component is able to withstand and the applied stress. However, such a procedure 
does not provide to the engineer any information related to the probability of failure, either locally or globally, thus 
supplying insufficient information about safety and making difficult decisions concerning redesign and maintenance. 
As an alternative, it is possible to determine the primary cumulative distribution function of failure (PCDFF) from a 
test program of a material characterized by the results of a determined Generalize Parameter (GP) by applying the so 
called Generalized Probabilistic Approach (GPA), previously developed by the authors [1], which can be derived as a 
result of the three Weibull parameters of the Weibull equation. 
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where λ is the location parameter or threshold stress below which no fracture occurs, β the shape parameter and δ the 
scale parameter associated with the selected reference area ܵ௥௘௙ . 
In this paper, the GPA methodology is presented allowing the global probability of failure to be assessed and Hazard 
Maps to be defined. Subsequently, the implementation of this methodology into a commercial software (in this case 
ABAQUS [2]) is presented with the aim of facilitating its use and propagation. Its application is illustrated on some 
practical examples of structural glass. 
2. Hazard maps 
A hazard map is a graph that highlights the areas being affected or vulnerable to a certain type of failure, providing 
visual information on the probability that this phenomenon occurs at each particular point of the studied space. These 
types of maps are typically created for the analysis of natural disasters such as earthquakes, volcanoes, landslides, 
tsunamis, etc. In structural design they are taken into account to describe the stress or strain state but, in general, they 
are no related to probability despite the relevant information they could provide in the phases of design and inspection. 
While Eq.1 allows the probability of failure to be obtained for an element size ܵ௥௘௙  subjected to any constant level 
of GP, the critical parameter distribution is usually not uniform, so that it must be evaluated locally at each finite 
element. Assuming validity of the weakest link principle, it is possible to obtain the probability of failure for an element 
of small size ΔS, simply by including the size effect in the former equation as follows:  
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This expression also allows us to obtain the probability of failure for each finite element of the model, based on the 
calculated value of GP. 
3. Global probability 
The global probability of a component to fail implies the simultaneous consideration of all the local probabilities of 
achieving the critical condition of failure at any of the elements constituting the component. The following example 
may clarify the difference between the safety global probability and hazard maps: having a chain under tension the 
global probability would report the probability of failure of the chain as a whole while the hazard map would represent 
the probability of failure associated to any link independently of the rest of links. In the design phase, but also along 
the lifetime of the component, the hazard maps complements the information provided by the global probability in the 
sense that while the latter informs whether the component fulfills as a whole the safety requirements, the former 
permits us to identify local critical points in the current design and to advice the possible convenience of overcoming 
such deficiencies by a local redesign of the component. 
The assessment of the global probability is based on the principle of the weakest link, which states that the global 
survival probability of a component can be calculated as the product of the survival probabilities of each of its elements. 
Accordingly, the global probability of failure is defined as: 
ܲீ ௟௢௕௔௟ ൌ ͳ െς ௦ܲ௨௥௩௜௩௔௟ǡ௱ௌ೔௡௜ୀଵ ൌ ͳ െς ൫ͳ െ ௙ܲ௔௜௟ǡ௱ௌ೔൯௡௜ୀଵ        (3) 
4. Example of application 
In order to facilitate the understanding, implementation and dissemination of the methodology proposed an example 
related to a glass plate is presented that includes the development of a plug-in for the commercial software ABAQUS. 
The use of structural glass elements has increased and diversified into the construction industry, combining the 
concepts of sustainability, functionality and aesthetics with performance on roofs, facades and interiors. Today almost 
all high or unique buildings include the presence of glass in their structures. Despite the studies conducted and the 
advances attained some critical points persist that prevent real knowledge of the limit state of the glass under different 
types of stress to be achieved. 
In this example the methodology used for the derivation of hazard maps and calculation of the global probability of 
failure for different structural solutions of glass elements is explained. The Weibull parameters shown in Fig.1, 
pertaining to the cumulative distribution function (cdf), obtained from an experimental program [3] under consistent 
application of the GPA, are assumed.  
 
 
Fig 1. PCDF of a glass plate (Sref = 50000mm2). 
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The PCDFF represented in Fig.1 relates probability of failure to the GP for a component of reference area 50000mm2. 
4.1. Post-processing program 
The plug-in developed for ABAQUS facilitates the calculation of the hazard map and the global probability of failure 
for a given finite element simulation. In this case, it is designed for monolithic structural glass elements, where the GP 
is supposed to be a combination of the principal stresses at any element (principle of independent action (pia)):  
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Fig 2. Main Windows of the Post-Processing program 
Figure 2 shows the two main windows of the program. The left side window includes the name of the variable under 
which the new hazard map is saved, followed by the Weibull parameters obtained from the experimental results and 
the reference size to which those are referred, and finally the simulated thickness of glass to be entered. In the right 
window the file (.odb) simulated, along with the set of elements, in which the probability of failure is assessed, and 
the temporary space (Step and Frames (From Frame1 to Frame2)) are to be defined. Examples carried out with this 
Plug-in are shown below and can be also found on the website downloads.iemesgroup.com. 
As previously mentioned, the global probability of failure and the hazard maps may be obtained using Eqs (2) and 
(3) and based on that the following examples are made: 
4.2. Optimal placement of support bolts 
In the first example, a certain glass type for covering the façades of buildings, the critical failure parameters of which 
are determined from four-point bending tests [3], is now selected. The failure behavior of glass plates with support 
and loading conditions different to that of the basic experiments are investigated. The geometry considered in the 
simulation is depicted in Fig. 3, where the location of the support bolts defined as their distance to the glass plate edge 
is to be optimized. Nine simulations were performed according to so many different positions assumed for the support 
bolts of the glass plate, which is subjected to uniform load representing the wind action. The stresses induced by the 
wind load are assumed to vary from 0MPa to 5000MPa, for which all study cases are expected to reach failure with 
probability 1. 
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Fig. 3. Simulated model geometry [mm] and hazard map examples. 
Figure 4.a represents the ECDFF, which relates the probability of failure of the whole component to the applied load. 
These kind of curves is called experimental because often they are wrongly considered to be the primary distribution 
function of the material, despite they are not, because they depend on the plate geometry and type of loading. 
The threshold value, for which a non-zero probability of failure begins to arise, is higher for position cases 5, 6, 8 
and 9 than for the rest, providing for them higher safety margin for the same load applied just in case design is referred 
to null probability of failure. For higher probabilities of failure, position 5 is the optimal since it provides the least 
probability of failure compared to the other position cases. 
Additionally, the possibility of restricting the plate boundaries by building in the glass perimeter in a structural frame 
is studied. Accordingly, a new ECDFF is calculated with the results shown in Fig. 4.b) This alternative reduces 
considerably the failure probability for the same load levels as applied in the foregoing cases, thus representing an 
optimal solution. 
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(a) (b) 
Fig 4. a) ECDFF for the different support bolt position cases; b) Global probability of failure for small and large specimens. 
4.3. Size and distribution load effects 
In this section, the probabilities of failure as resulting in the hazard maps for two components of different sizes under 
the same load are compared. A similar model is used as the example in the previous section whereas length and width 
of the smaller plate are half of the larger one. Figure 5 shows the stress distribution for both cases, which are similar 
as expected. This could lead the designer to presume that both designs are equivalent, though in fact the global 
probabilities of failure are notably different. The scale effect implies that much lower probability of finding a defect 
for the smaller plate is found than for the larger one implying that a lower global probability of failure is found for the 
smaller plate for same load distribution. 
 
 
 
 
 
 
 
 
 
 
 
a) Large specimen.      b) Small specimen. 
Fig 5. Principal stress distribution [Pa] (hazard map) and global probability of failure for the same maximum stress in both plates. 
Pfail =40.9% Pfail=13.5% 
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Finally, the difference between the experimental cumulative distribution curves for the applied load for both plates 
is studied proving that the failure load is not proportional to the plate surfaces ratio. In fact, the probability of failure 
for the larger plate is far more than four times that for the smaller one as evidenced from the cumulative distribution 
curves in Fig. 4b). 
5. Conclusions  
The principal conclusions of this work are: 
 
x The application of hazard maps and the global probability of failure helps in the design of structural or mechanical 
components supplying a new concept going beyond the simple interpretation of the maximum parameter of 
fracture. 
x The assessment of the global probability of failure is crucial for ensuring a safe design. Hazard maps provides 
useful information to the identification of the critical points in the prototype development and maintenance. 
x Both global probability of failure and hazard maps of a certain component under complex load stresses are obtained 
from the Weibull parameters estimated from the GPA for different specimens as those tested in the laboratory. 
They can be related to a generalized parameter can be referred to probabilities of failure provided the weakest link 
principle can be assumed. 
x An analytical expression for representing the distribution of the generalized parameter (stress, in the particular case 
handled) is not necessary this being determined in the general case by finite element calculations. 
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Appendix A. Phyton program for hazard maps and global probability 
def HazardMaps(jobname1,stepname1,name_var,l,d,b,Aref,thickness,Set_interes,Instance_interes,fra1,fra2): 
 
 odb = openOdb(path=jobname1) 
   
 file = open(name_var, "w") 
 l=l*(10**6) 
 d=d*(10**6) 
 thickness=thickness*0.001 
 Interes=odb.rootAssembly.elementSets[Set_interes] 
  
 for frame_sel in range(fra1,fra2+1): 
  frame = firstStep.frames[frame_sel] 
  Stress = frame.fieldOutputs['S'] 
  sect=Stress.locations[0].sectionPoints[0] 
  sect2=Stress.locations[0].sectionPoints[1] 
  P_fail_1=range(len(Stress.getSubset(region=Interes,sectionPoint=sect).values)) 
  P_fail_2=range(len(Stress.getSubset(region=Interes,sectionPoint=sect2).values)) 
  deltaDisp=range(len(Stress.getSubset(region=Interes,sectionPoint=sect).values)) 
  elemetLabels=range(len(Stress.getSubset(region=Interes,sectionPoint=sect).values)) 
  P_SUR_TOTAL_1=1 
  P_SUR_TOTAL_2=1 
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  for i in range(len(deltaDisp)): 
   Aelement=(frame.fieldOutputs['EVOL'].values[i].data)/thickness 
   d_ele=d*((Aref/Aelement)**(1/b)) 
   SMAX_1 = Stress.getSubset(region=Interes,sectionPoint=sect).values[i].maxPrincipal 
   SMAX_2 = Stress.getSubset(region=Interes,sectionPoint=sect2).values[i].maxPrincipal 
   SMID_1 = Stress.getSubset(region=Interes,sectionPoint=sect).values[i].midPrincipal 
   SMID_2 = Stress.getSubset(region=Interes,sectionPoint=sect2).values[i].midPrincipal 
   P_fail_1[i]=0 
   P_fail_2[i]=0  
   if SMID_1>l and SMAX_1>l: 
    P_fail_1[i]=1-exp(-((SMAX_1-l)/d_ele)**b-((SMID_1-l)/d_ele)**b) 
    P_SUR_TOTAL_1 = P_SUR_TOTAL_1*(1-P_fail_1[i]) 
   if SMID_1<l and SMAX_1>l: 
    P_fail_1[i]=1-exp(-((SMAX_1-l)/d_ele)**b) 
    P_SUR_TOTAL_1 = P_SUR_TOTAL_1*(1-P_fail_1[i]) 
     
   if SMID_2>l and SMAX_2>l: 
    P_fail_2[i]=1-exp(-((SMAX_2-l)/d_ele)**b-((SMID_2-l)/d_ele)**b) 
    P_SUR_TOTAL_2 = P_SUR_TOTAL_2*(1-P_fail_2[i]) 
   if SMID_2<l and SMAX_2>l: 
    P_fail_2[i]=1-exp(-((SMAX_2-l)/d_ele)**b) 
    P_SUR_TOTAL_2 = P_SUR_TOTAL_2*(1-P_fail_2[i]) 
 
   deltaDisp[i]= (P_fail_1[i],P_fail_2[i],1-(1-P_fail_1[i])*(1-P_fail_2[i])) 
   elemetLabels[i]=Interes.elements[0][i].label 
 
  P_FAIL_TOTAL_1 = 1-P_SUR_TOTAL_1; P_FAIL_TOTAL_2 = 1-P_SUR_TOTAL_2 
  P_FAIL_TOTAL = 1-P_SUR_TOTAL_1*P_SUR_TOTAL_2 
  file.write( str(P_FAIL_TOTAL_1) + " " + str(P_FAIL_TOTAL_2) + " " + str(P_FAIL_TOTAL) + "\n") 
   
  elemetLabel = tuple(elemetLabels)  
  deltaDis= tuple(deltaDisp) 
  myOdbInstance = odb.rootAssembly.instances[Instance_interes] 
 
  # Create a fieldOuput object 
  myFieldOutput = frame.FieldOutput(name=name_var,description='P_fail', type=VECTOR) 
 
  # Put my post-processed data in my fieldOutput object 
  myFieldOutput.addData(position=CENTROID, instance=myOdbInstance, labels=elemetLabel, 
data=deltaDis) 
  
 odb.save(); odb.close();  file.close() 
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